(/-ANALOGUE OF EULER-BARNES 
NUMBERS AND POLYNOMIALS 



Taekyun Kim and Leecha Jang 

Abstract. Recently Kim [2,6] has introduced an interesting Euler-Barnes' numbers and 
polynomials. In this paper, we construct the q-analogue of Euler-Barnes'numbers and 
polynomials, and investigate their some properties. 



§1. Introduction 

Let w, a±, 02, • • • , a r be complex numbers such that aj(^ 0) for each i, i = 1, 2, • • • , r. 
Then the Euler-Barnes' polynomials of w with parameters ai, a 2 , ■ • • ,a r are defined as 

\ l ~ u ) „wt V rrM/„.. „.i„ „ „ ^ ^ 



ra=0 



]Q^ =1 (e a J t — w i z — ' 



for u G C with \u\ > 1, cf. [6]. In the special case w = 0, the above polynomials are 
called the r-th Euler-Barnes' numbers. We write 



H^(u\a 1 ,a 2 , - ■ ■ ,a T ) = (0,u\a 1 ,a 2 , 



Throughout this paper, the symbols Z, Z p , Q p , C and C p will respectively denote 
the ring of rational integers, the ring of p-adic integers, the field of p-adic numbers, 
the complex number field and the completion of algebraic closure of Q p . Let v v be the 
normalized exponential valuation of C p with \p\ v = p~ v p^ = When one talks of 
g-extension, q is variousely considered as an indeterminate, a complex number q e C, 
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or p-adic number q G <C p , cf.[2-5]. If q G C, one normally assumes \q\ < 1. If q G C p , 

one normally assumes |1 — g| p < so that g x = exp(x log 5). In this paper we use 

the notation: 

[x] = [x:q] = [x:z] = cf. [1,2,8]. 

The ordinary Euler numbers E m are defined by the generating function in the complex 
number field as 

m=0 

Let it be an algebraic in complex number field. Then Frobenius-Euler numbers are 
defined as 

1 00 -in 

^^ = Y^H n {u)- <tt), cf. [9,10]. 

n=0 

Note that H n {— 1) = £? n . Also, Carlitz defined the (/-analogue of Frobenius-Euler 
numbers and polynomials as follows: 

H (u :q) = l, (qH + l) k - uH k (u : q) = 0, if k > 1, 

where u is a complex number with \u\ > 1: 

H k {u,x: q) = (q x H+[x]) k , if k > 0, cf. [2,11], 

with the usual convention about replacing H k {u : q) by H k {u : q). For any positive 
integer N, z G C p , 

can be extended to distribution on Z p , cf. [1,2,7,13]. Let UD(Z p ) be denoted by the set 
of uniformly differentiable functions on Z p . Then this distribution admits the following 
integral for / G UD(Z p ): 

r 1 pN -' 

W) = / f(x)dfM s (x) = lim —— cf - t 1 * 2 * 12 ]- 



The purpose of this paper is to construct the g-analogue of Euler-Barnes' numbers 
and investigate their some properties. 
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§2. q- Analogue of multiple Euler numbers and polynomials 

Let d be a fixed integer and let p be a fixed prime number. We set 
X = ]im(Z/dp N Z), 

N 



X* = [J a + dpZ p , 



0<a<dp 
(o,p)=l 

a + dp N Z p = {x E X | x = a (mod dp N )}, 

where a E Z lies in < a < dp N . 

Let u E C p with |1 — u^\ p > 1 for each positive integer / and let a\,a2, •■■ ,a r 
be non-zero p-adic integers. For w E Z p , we consider the (/-analogue of Euler-Barbes' 
polynomials by using p-adic invariant integrals as follows: For q E C p with |1 — q\ p < 
p _T3 p, define 

(1) H^ r) (w,u,q\a h a 2 ,- • • , a r ) =/ • • •/ [iu + ajXj : q} n d^i u (xi) ■ ■ ■ dfi u (x r ). 

r times 

By (1), we note that 



/ •••/ [ w + ^ a j x j '• qTd^ujxi} ■ ■ ■ djJL u (x r ) 

J £ip J Tjp 7 = 1 




p n -i 



lim —jrf — \w + cijXj : q] n v?-'i= 1 ' 

jv^oo \p N : u } r ^ L ^ 3 3 1 



xi,"- ,x r =0 j = l 

' xi,- ,x r =0 \l=0 ^ ' ^ 



! 1 ")'' V- ( " \ , ,/ ./ 



where (") is binomial coefficient. Therefore we obtain the following: 
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Theorem 1. For n > 0, we have 



Moreover, 



lim H%'(w, u, q\ai, • • • , a r ) = H^~\w, u 1 \ai, • • • , a r ). 

Remark. (1) In the special case w = 0, we write 

H i r) (u, q\ai, ■ ■ ■ ,Or) = H^(0,u,q\a!,--- ,a r ). 

(2) Note that lim^i H^\u,q\l) = H^u' 1 ), cf.[8,9]. 

Let G ( q\t, u\ai, a 2 , • " " 7 a r) be the generating function of Hn(u, q\ai, • • • , a r ): 

°° (r) t k 

for q E C p with |1 — q| p < 1, u e C p with |1 — u-^| p > 1. Then we have 

u\ai, ••• ,a r ) 



fc=0 



= J^TT^Tqjk Yl ( ( II i- q iai u j 

fc=0 v ^ y i=0 v 7 V=l y ' 



Therefore we obtain the following: 

Theorem 2. For q E C p with |1 — q\ p < 1, u £ C p with |1 — u^\ p > 1, we have 
G«(t, «k, • • • , a r ) = eTti (1 - g (jfl T3^) (r^)' |- 
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Corollary 3. For q E C p with |1 — q\ p < 1, u E C p with |1 — u\ p > 1, we have 



G^(x, t, u\ai, ■ ■ ■ , a r ) 

... n.J\ 

nl 



i 

^H^\x,u,q\a 1 ,--- ,a r )- 

n=0 



Note that 



(1 — u~ 1 ) r 

lim G^ r) (x, £, u|ai, • • • , a r ) = r ^— e xt . 

By (1), the Euler-Barnes' polynomials of x can be rewritten as 

HP(w, u, q\a u ■ ■ ■ , ar) = J2 (fc) [*> : Q] n - k Q wk Hl r) («, g|ai, • • • , a r ). 



From the above Eq.(l), we have the distribution relation for the g-analogue of Euler- 
Barnes'polynomials as follows: 

Theorem 4. For f EN, we have 

7 — \^ H ^\w,u,q\a u --- ,a r ) 

{u-iy 

(2) =[f:q] n £ T^TTv^ f J \ uf,qf\a u ...,a r ). 



TTiis equivalent to 



- — ——H^\w,u,q\a lr -- ,a r ) 
(u-l) r 
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For k > 0, / G N, we set 

(k) 

and this can be extended to a distribution on X. We show that Eu:cn,q is a distribution 
on X. For this, it suffices to check that 

p-i 

E^SLo* + ^ N + /^ + %) = + 

i=0 

By (2), we easily see that 

i=0 ^ ' 

- \ h {1) (— u^ N a fpN \ai) 

~ i- u fP N k [ fp N ' lQ 1 l} ' 

Therefore, we have 

_ P y^ [fp N+1 : gfuW") (1) ^jx + ifp^) fpN+ > fpN+ , 

- 2^ i _ u fp N+i k [ fp N+1 



i=0 



i=0 

«%/y^# (1) aix ai/p * ^ 



(4) 



Next we show that \E^l ljq \ p < 1. Indeed, 

k 



5- ANALOGUE OF EULER-BARNES' NUMBERS AND POLYNOMIALS 



By induction on i, we see that 



u 



< 1, for all z, 



l-ufp N ' ' 

where we use the assumption |1 — u^\ p > 1, it follows that we have 
(6) \Ei k l 1 , q (x + ifp N + fp N Z p )\ p <l. 

(k) 

Thus Eu:cn,q is a measure on X . This measure yields an integral for each non- negative 
integers k as follows: 

Proposition 5. For k > 0, we have 



dE$L„ = - H^(u,q\ ai ). 



x 



u:a\,q 



1-U 



It is easy to see that 

H Q {u,q\ai) = 1. 

We may now mention the following formula which is easy to prove by (5) and (6): 

k 

E { u k) ai , q (x + fp N Z p ) = [on : q] k U + [fp N : q] x (p - integral). 
Hence, we obtain the following : 



x 



dE^ auq {x) = —— [ [ ai x : q] k d^ u {x) 
1 — u Jx 



= T— -H^^q^x). 

J- Hi 

From the above definition, we have the following: 

Theorem 6. Let ai, 02, • • • , a r be p-adic integers. Then we obtain: 



(l3^) H^(u t q\a lt - t Or) 



(7) 



d-l 



n^i) < } ( 



^2j=i a j^j d j. 



,a r ). 
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Note that 



(8) / x(x)dE£l tq (z) = T ^HV( U ,q\a 1 ). 

J x 1 u 



Let u> be denoted as the Teichmuller character modp (if p = 2, mod4). For x G X*, 
we set 

[x : q] 



< x : q >-- 



w(x) 



Note that | < x : q > — l\ p < p p- 1 , < x : q > s is defined as exp(s log p < x : q >) for 



\s\p < 1. For s G Z p , define 



Then we have 



L Pj q :ai Hs,x) = / < a\x : q > s x(x)d/i u (x). 
Jx* 



~7~Z ^p,q-ai( u '■ k,x) 

~<(«,*0-^M <(MWI01) . 



< a\X : q > k ^u; (x)d^ u (a;) 



Indeed, we see 

_ i 

Since | < aix : (/ > — l\ p < p p- 1 for x G X*, we obtain 

< a\x : q > p ™= 1 (modp n ). 
For k = k' (mod(p — l)p n ), we have 

L p , q:ai (u : -k,x^ k ) = L p , q:ai (u : -k\x^ k ') (modp n ). 
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